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1. Introduction
The Helmholtz equation is
V26 - A(x,3)¢ = 8(x,y) | W
where i is a real, non-negative function, V2 is the Laplacian, ¢ ié the
" unknown, and G is a forcing function. ‘The‘bbundary conditions to be

3¢ _

satisfied are o 0, where %E-is the outward normal derivative.
The numerical algorithm presented here for the solution of this
equation is a split-pseudo-direct method. We approximate the equation
(1) using finite differences. A recurrence, or relaxation, equation is
written to develop a sequence of»solutions. Unlike- the SOR-me;th, wé_
use implicit approximations in the recurrence equation in one coordinate
direction. The implicit équation is inverted using Gaussian elimination.
After completing the generation of the new approximate solution the
process is repeated, but the other coordinate direction is now appfoxi—

mated implicitly in the recurrence equation.

Just two such passes have been found necessary for a test problem.

2. The finite difference equation
Assume that the region is rectangular of size [(P+1)Ax,(Q+l)Ax}.

Equation (1) is written,

bg41,5 * b1-1,5 F bi,541 01,31 — FAypddyg = Ggy )
- where e
Ay = (402 A{(1-1)8x, (3-1)Ax)
and |
Gi5 = (4x)2 &((3-1)ax, (5-1)4x)



-2

The recurrence (or relaxation) equation is written in step 1.

n+l (¢n+1 n+1 n + c')n+1 _ (4+A )¢n+l G

4157 i+1,5 * 0o1,3 F b T 0y i) @

In this step the i coordinate is done implicitly. The boundary con-
ditions are evoked wherever they can be used.

The equation (3) is rewritten

o+l oL ntl . _
o ¢i_1’j + (1+a(4+xlj)) o ¢i+1,j Ry s %)
where
n n o1
R, = + afel, .+ -q,, 5
ij q)ij a(¢lJ+1 ¢1j»51 13) . )

The solution of (4) by Gaussian Elimination (cf. Richtmyer: and

Morton, p. 198) is carried out, augmenting j after each solution. On the

+1

row j=2, the variable ¢?. 1 is equal to ¢2§1 because of the boundary con—

dition, and this fact is used to modify (4). Similarly when j=Q, the

parameter ¢ is replaced by ¢?§1 because of the boundary condition.

J+1
In step 2, the recurrence equation is modified to

n+1 n+l - +1 n n+1 +1
¢ o (43 + - a,.)

+ - (42 6
ij i3+ * %15e1 ¢i+1,j ¢i—1,3 ( )¢ ®

The j-coordinate direction is now done implicitly. The modifications of

the system are similar to those outlined in step 1.

3. A test problem
In Appendix A, the Fortran code for a test problem is given. A 'true'
solution was generated using an IBM random number generator. The Helmholtz

term was similarly generated. Using these fields, the forcing function was
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calculated for P=52, Q=46. Employing a first guess solution that was
everywhere equal to the mean value of the 'true' solution, we ran the
code with o=%. At no point did the numerical solution differ from the
'true' solution by 1 part in 1000,

The average value of the "true' solutioniis 5496.098, that of the
numerical solution is 5496.094. The Bias was -.321E-2, and the Root-

mean-square error of the numerical solution was 0.365E-2.

4. Further work
The method will be explored further using larger domains and different

values of A, including zero.

Reference
Richtmyer and Morton, Difference methods for initial value problems.

Interscience, New York, N.Y,, 1967.
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. Fig, 13, December average sea surface temperaturés % . Northern Hemisphere.
. . - . The 270K isotherm approximates the ice edge, ' '
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-Fig. 15.. February average sea surface temperatures °K: Southern Hemisphere

. . The 270K isotherm approximates the ice edge. _ -
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Fig. 17: April average sea surface temperatures °K: Southern Hemisphere.
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The 270K isotherm approximates the ice edge. ’ : - ‘
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o Flg 19. June average sea surface temperatures Ox: Southern Hemisphere. _
The 270K isotherm approximates the ice edge. | i .




e - Fig. 20, July average sea surface temperatures %K: Sou
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aor o Flg 21. Aﬁgﬁst everage sea surface temperatures OK:' Southern Hemisphere.
' " ..The ZZOK isotherm approximates the ice edge. . o
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. Fig. 22.

K Southern'Heﬁisphéré;1ﬁ

September average sea surface tempera;ufes

The 270K isotherm approximates the ice edge.:
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Fig. 23. October average sea surface tem'pei:a'i:ures OK:v Southern Hemisphere.
The 270K isotherm approximates the ice edge. - '
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Fig. 24. November average sea sui:face temp'eraturesv». °K: Southern Hémisphéi:e.
S The 270K isotherm approximates the ice edge. - S .
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e Fig. 25. December average sea surface temperatures 9%: Sauthern Hemisphere.
. _ B : The 270K isotherm approximates the ice edge. L ; ‘ '



